
UNCLASSIFIED

AD NUMBER

LIMITATION CHANGES
TO:

FROM:

AUTHORITY

THIS PAGE IS UNCLASSIFIED

AD854935

Approved for public release; distribution is
unlimited.

Distribution authorized to U.S. Gov't. agencies
and their contractors;
Administrative/Operational Use; MAY 1969. Other
requests shall be referred to Air Force Rocket
Propulsion Lab., Edwards AFB, CA.

AFRPL per DTIC form 55



F*- ^■'■«■^■■M ""ammmmmm** 

AFRPL-TR-69-12A-Vol.   T 

Service thioi gh Science 
FINAL REPORT 

iß 
00 
a 

00 

SOLID PROPELLANT 
MECHANICAL BEHAVIOR STUDIES 

VOLUME I 

EFFECT OF GRAIN END SHAPE ON STRESS 
CONCENTRATIONS AT THE CASE--PROPELLANT 

INTERFACE 

C. N. Robinson 

P. H. Graham 

F. C. Moore 

ATLANTIC RESEARCH CORPORATION 
A DIVISION OF THE SUSQUEHANNA CORPORATION 

ALEXANDRIA, VIRGINIA 22314 

TECHNICAL REPORT AFRPL-TR-69-124-Vol. I 

MAY 1969 

CONTRACT F0A611-68-C-0015 

"This document is subject to special export controls and 
each transmittal to foreign governments or foreign 
nationals may be made only with prior approval of AFRPL 
(RPPR/STINFO), Edwards, California 93523." 

AIR FORCE ROCKET PROPULSION LABORATORY 
AIR FORCE SYSTEMS COMMAND 
UNITED STATES AIR FORCE 

EDWARDS, CALIFORNIA 

ATLANTIC Kd RESEARCH 

A      DIVISION      OF      THE      SU3QUEHANNA      CORPORATION 

^ 
m 

- 



^ 

w. 

I 

"When U.S. Government drawings, specifications, or other data 
are ujed for any purpose other than a definitely related 
Government procurement operation, the Government thereby incurs 
no responsibility nor any obligation whatsoever, and the fact 
that the Government may have formulated, furnished, or in any 
way supplied the said drawings, specifications, or other data, 
is not to be regarded by implication or otherwise, or in any 
manner licensing the holder or any other person r corporation, 
or conveying any rights or permission to manufacture, use, or 
sell any patented invention that may in any way be related 
thereto." 

I 
UCCCSSIW tor                     ""1 

CFSTI WHIrt SECTIOd Dl 

ooc              «Uff SECTION y 
UtANNOUNCED                            Q 

JUSIIHCAIION      

R»                   

oi-m aintw mumiTY coBu 

DIST. AVAIL, and or STLCIU 

"'•"  ^Oi 



AFRPI,-TR-69-124-Vol. T 

FINAL REPORT 

SOLID PROPELLANT 
MECHANICAL BEHAVIOR STUDIES 

VOLUME I 

EFFECT OF GRAIN END SHAPE ON STRESS 
CONCENTRATIONS AT THE CASE-PROPELLANT 

INTERFACE 

C. N. Robinson 

P. H. Graham 

F. C. Moore 

ATLANTIC RESEARCH CORPORATION 
A DIVISION OF THE SUSQUEHANNA CORPORATION 

ALEXANDRIA, VIRGINIA 22314 

TECHNICAL REPORT AFRPL-TR-69-124-Vol. I 

MAY 1969 

CONTRACT  F04611-68-C-0015 

"This document is subject to special export controls and 
each transmittal to foreign governments or foreign 
nationals may be made only with prior approval of AFRPL 
(RPPR/STINFO), Edwards, California 93523." 

AIR FORCE ROCKET PROPULSION LABORATORY 
AIR FORCE SYSTEMS COMMAND 
UNITED STATES AIR FORCE 

EDWARDS, CALIFORNIA 



.J. -EUHt. ^'H'VRÜKH!1? s- i;;- 

m mm 

FOREWORD 

This report presents the results obtained at Atlantic Research 

Corporation during the past eighteen months under U. S. Air Force Rocket 

Propulsion Laboratory Contract No. FC A611-68-C-0015. The purpose of 

this program was to evaluate several experimental propellant grain-end 

configurations and to investigate the use of reaction rate analysis as a 

means of gaining further insight into the problem of cumulative damage 

In solid propellants. 

The report is presented in two independent parts each of which 

is complete within itself. Part I presents the results from the grain-end 

configuration evaluations while Part II describes the cumulative damage 

studies. 

The authors are indebted to Dr. A. J. Durelli and associates at 

The Catholic University of America for their contribution of photoelastic 

analysis of experimental fj;rain-end shapes.  Special acknowledgement is 

also due to Dr. M. L. Williams of the University of Utah for his valuable 

consultations throughout this program, particularily in the cumulative 

damage studies. The authors also wish to thank Messieurs C. V. Bersche 

and J. H. Smith, III, for their extremely valuable assistance in conducting 

this program and preparing this report. 

The full support and competent technical assistance of Mr. Norm 

Walker, the Air Force Project Engineer, and Mr. Donald Saylak of the Air 

Force Rocket Propulsion Laboratory Is gratefully appreciated. 

This technical report has been reviewed and is approved. 

Norman D. Walker, Jr. 
Project Engineer 
RPMMD 
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TNTRDDUCVION 

The primary objective of Pare I of this program was to 

demonstrate that propel 1 ant failure at case-bonded grain-ends can be 

minimized by varying grain-end geometry to reduce the stress concentra- 

tion at the case-propellant interface.  Throughout this part of the 

program, a secondary objective lias been to evaluate, whenever possible, 

the extent to which we can accurately predict grain-end failure based 

on state-of-the-art techniques. 

Designing the end termination configuration of a case-bended 

solid propellant rocket grain in order to minimize stress concentra- 

tions at the propellant-case interface is a problem that continually 

confronts the rocket motor designer.  This problem is particularly 

evident in the design of large solid rockets. It is well known that 

very high local stresses occur at this juncture and in some Instances 

have been responsible for motor failures. 

Basically, these high stresses arise from two primary sources. 

First, the mechanical and physical properties of the propellant and 

case are usually one  or more orders of magnitude apart. Of particular 

significance is the difference in coefficients of expansion between 

the two which serves as a loading or forcing function during temper- 

ature changes.  Secondly, the local stresses are directly relatable to 

geometric discontinuties which may exist in the motor design. A classic 

example of this is the aft-end or head-end termination juncture of the 

propellant and the motor case where the included angle is less than 135 

degrees, as illustrated in Figure 1.  Here, the elastic stress solution 

tends toward a mathematical singularity since the stress approaches 

infinity. 

Since the properties of most propellants are determined to a 

great extent by motor ballistics performance,, it is not always possible 

to significantly alter these properties solely to satisfy structural 

requirements. Thus an obvious approach has been to alter the grain- 

-'••w'".    mm* mi 
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case end termination geometry in some manner so as to minimize the 

local stress concentrations.  Currently, the most popular approach, 

particularly for head-end terminations, has been the incorporation of 

rubber boots or shrinkage liners in a manner similar to the illustra- 

tion in Figure 2. Industry experience has indicated that this tech- 

nique provides for considerable stress relief and has usually been 

successful. However, it does have several disadvantages. The exact 

state of stress around the boot is not well understood nor are its 

limitations, such as the conditions under which failure occurs. 

Until recently, little in the way of systematic investigation 

of simpler grain-end terminations has been accomplished. Most notable 

among recent work has been the photoelastic studies by Durelli and 

Parks     who have been employing the techniques of photoelastic stress 

analysis to determine stress concentrations as a function of the appli- 

cation of thermal stresses.  Several grain-end configurations have been 

investigated in detail. The results obtained have shown that stress 

concentrations can, in fact, be markedly reduced by varying the grain-end 

geometry. However, most available data have been obtained solely from 

experiments using photoelastic models whose properties, though similar 

in nature, differ considerably from the properties of current solid 

propellants, particularly at failure. The complete significance of this 

work could only become apparent after a systematic evaluation of these 

developments with actual propellants. 
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Figure 2.  Typical Rubber-Booted Grain Termination. 
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SUMMARY 

The program to experimentally evaluate the effectiveness of grain 

end configurations was divided into three phases. The emphasis In the 

first phase was primarily directed toward continuation of the photo- 

elastic evaluation of several grain-end configurations. Based on the 

results from these and earlier studies, the most promising shapes were 

chosen for evaluation with live propellant. Concurrent with these studies, 

work was in progress to select a propellant formulation for evaluation of 

the chosen grain-end shapes. 

The propellant chosen was required to be a well characterized 

state-of-the-art formulation having relatively good mechanical properties 

and excellent reproducibility. In keeping with these requirements, a 

PBAN propellant system was chosen. 

The second phase of this effort was devoted to the experimental 

evaluation of grain-end configurations using circular port analogue 

motors.  To accomplish this a limited theoretical analysis was required. 

This analysis consisted mainly of two parts.  First, the analysis was 

used to dimensionally design the experimental analogue motors.  Second, 

based on this design and considerations of propellant mechanical proper- 

ties, the analysis was extended to obtain a prediction of the temperature 

drop r.'pessary to cause propellant failure in the vicinity of the end 

termination. 

Normally, the design of these analogue motors is intended to 

produce maximum stress at the bore surface in order to facilitate the 

easy evaluation of propellant failure properties.  However, in the use 

of the analogue motor approach to evaluate grain-end terminations, the 

objective is to cause failures, not in the bore, but at the grain ends 

in order that the relative effects of various end configurations can be 

evaluated.  To accomplish this requires that the analogue motor dimensions 

be properly chosen such that stresses at the ends will always exceed 

those at the bore. As a result, one of the primary objectives of the 

analogue motor design was to  achieve a combination of grain dimensions 
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such that the ratio of end termination stress to inner bore stress would 

be greater than unity.  This was accomplished by a series of parametric 

design calculations using the well known Rohm and Haas finite element 

computer techniques.    The extension of this analysis to include failure 

predictions for the end termination analogue motors was accomplished 

through a numerical solution of the superposition integral for specified 

strain and temperature histories.  Combination of this solution with a 

Smith Failure Envelope for the propcllant allowed for prediction of the 

failure temperatures for each of the experimental analogue motors. 

Experimental evaluation of the grain-end termination analogue 

motors was very straightforward.  Motors were prepared containing one of 

the four experimental grain-end configurations.  Each motor was subjected 

to a step-wise cooling to failure over a period of two days.  Inter- 

mittent X-ray examination of each motor was conducted during the 

incremental cooling until propellant failure in the form of cracking was 

detected.  Replicate tests were conducted to determine the failure 

temperature for each of the experimental grain-end shapes.  In addition, 

a limited number of thermal cycling tests was also conducted. Based on 

the results from these tests, the better performing grain-end configura- 

tions were found to be a 45° inclined plane and a circular fillet. 

Phase III of this part of the program consisted of only one 

task.  The best grain-end configuration from the analogue motor evalua- 

tions was incorporated into a larger "full scale" motor test. The 

purpose of this test was to demonstrate the degree to which the concepts 

of grain-end shaping developed in the photoelastic and analogue motor 

studies can be incorporated into the design and fabrication of an actual 

case-bonded solid rocket motor.  In keeping with this, the inclined plane 

and the circular fillet end terminations were :mt  respectively into the 

aft end ant! head end of a 12-inch diameter Air Force supplied motor case. 

This motor was subsequently cycled between room temperature (750F) and 

-750F with no sign of propellant failure. 



PHOTOELASTIC ANALYSTS 

The initial phase of the program was carried out by the 

Catholic University of America (8-10) and was devoted to a continuation 

of their original photoaiastic studies.  These studies were designed to 

evaluate the effects of several geometrical parameters upon the stresses 

at the corner termination and at the head end termination. 

The first study was a two dimensional photoelastlcity procedure 

to determine the stress concentration associated with the end of a strip 

bonded on one side when the end has the shape of a wedge and the angle 

of the tin is varied from zero to 180 degrees.  Stress concentration 

factors for the end angles are plotted in Figure 3 for corner radii of 

1/8, 1/32, and <0.0001.  It is interesting to note that for reasonably 

controlled radii, the stress does not change for angles below 90°.  Also, 

the position of the point of maximum stress is not located at the inter- 

face hut somewhere ahove, and the location is constant for angles below 

120°. 

Next, long plates having a semi-circular end were bonded both 

partially and totally to rigid frames, and elliptical holes were located 

near the boundary either at the apex or at the transition between the 

straight and circular boundaries.  The stress concentrations around the 

elliptical holes when the plate was subjected to biaxial restrained 

shrinkage were determined.  Figure A shows the results of this study. 

The data clearly show that for this type of stress relief, the mini- 

mum stress concentration is  obtained when the ellipse diameter ratio 

is unity - i. e, a circle. 

Additional two-dimensional studies were conducted to evaluate 

the effects of multiple notches (in the form of circular holes) along 

the case/propellant interface in the vicinity of the grain ends.  The 

results obtained indicated that additional stress relief notches beyond 

the first one did not offer any significant advantage over the single 

circular fi1 let. 

Esaaszia 
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Shrinkage (Data taken from reference 9, Figure 13). 
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In addition to the two-dimensional studies, several three- 

dimensional photoelastic models were also made having exactly the same 

dimensions as the propellant analogue motors.  These models contained 

end configurations in the form of a 45° inclined plane, a square corner 

and a natural meniscus.  The results obtained for the inclined plane 

and the square corner models were in excellent agreement with the 

analytically calculated stress concentration factors shown in Table II 

(page 45) of this report.  Results for the meniscus were inconclusive, 

primarily due to its somewhat variable nature. 

The most significant task early during this current photo- 

elastic study was to review all of the then available data from the 

current and previous studies.  This review was aimed at selection of 

the best shapes for further experimental evaluation bv Atlantic Research 

using actual solid propellant analogue motors.  Based on this review, 

two aft-end grain shapes were recommended along with a square corner as 

a reference.  These shapes are shown in Figure 5. 

11 
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ANALOGUE MOTOR INVESTIGATION 

The experimental evaluation of potential grain end configur- 

ations was accomp1  'ned using analogue motors.  The normal analogue motor 

technique employs the use of right circular propellant cylinders case- 

bonded to metal cases.  Using only temperature as a forcing function, 

for a given web fraction, the bore hoop strain, E , is a direct function 
8 

of the temperature change, AT. By making the usual assumptions of plane 

strain, incomprescribility and steady state temperatures, one obtains for 

the bore strain 

e6=l/2[(b/a)
2-l] [ßAT + AV] 

where 3 is volumetric coefficient of expansion of the propellant and AV 

is the propellant cure shrinkage. By varying the.  web fraction within a 

series of motors and determining the AT necessary to crack the bore 

surface, the propellant failure strain can be defined as a function of 

temperature.  However, in the use of the analogue motor approach to 

evaluate grain end terminations, the objective was to cause failures, 

not in the bore, but at the grain ends in order that the relative effects 

of various end configurations could be evaluated.  To accomplish this 

required that the analogue motor dimensions be properly chosen such that 

stresses at the ends would always exceed those at the bore. As a result, 

one of the primary objectives of the analogue motor design was to achieve 

a combination of grain dimensions such that the ratio of end termination 

stress to inner bore stress would be greater that unity. This, coupled 

with the results of the photoelastic studies, formed for the basis for 

the design analysis. 

MOTOR DESIGN 

The theoretical analysis of grain end configurations, in support 

of the experimental program, consisted of two parts. First, the analysis 

was used to dimensionally design the experimental models.  Second, based 

upon the design configuration and a knowledge of the thermal history, a 

13 
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thermoviscoelastic analysis was used to predict the temperature change 

necessary to cause grain failures in the vicinity of the end termination. 

Parametric Design Analysis 

In .rder to better evaluate the effect of various parameters 

upon the state of stress at the propellant grain end termination, a 

parametric stress analysis was conducted for circular fillets.  The 

analysis considers a circular port incompressible grain encased in a 

rigid case, and subjected to a uniform temperature change.  The length 

of the grain is such that a condition of plane strain exists at locations 

remote from the ends. 

Solutions werp obtained for three web fractions and three 

fillet radii at each web using the Rohm and Haas elastic finite element 

computer code AMG032A.  Inputs to the code included boundary node 

coordinates, thermal contraction for the case and propellant, moduli, 

Poisson's ratios and the case thickness. Outputs consist of element 

stress and strain and node point displacements. 

From the basic code output the following quantities are 

calculated and presented herein: 

o      -  Maximum effictive fillet stress 

o,  - Plane strain effective bore stress 
b 

a  - Tangential fillet stress 

0  - Radial stress at grain-case interface 
r 

T  - Shear stress at erain-casc interface 
rz 

K_ - Stress ratio at fillet O./a 
F L       D 

The  effective stress   is used  to  compare the  state of  stress   in the motor 

with uniaxial  tensile data.     The  effective stress   is  given  for an axi- 

symmetric  stress distribution as 

a    = 0.707 (Va9)2^   (VV2+  (V0r)2 + 6TrZ
2 

14 



Figures 6 through 12 present the significant results of this parametric 

study.  The quantity i  Is the differential linear thermal strain between 

the case and the propellant grain and E Is the equivalent elastic modulus 

of the propellant. 

Tine results show that the stress ratio, K„, Increases with 
T 

decreasing fillet radius and/or decreasing web fraction. To have failure 

at the fillet rather than at the bore, the stress ratio must be greater 

than unity.  Although decreasing the web fraction increases the proba- 

bility of failure at the fillet, the actual stress magnitude is lowered. 

This requires a lower temperature for failure.  Since there are practical 

limits to the minimum reliable fillet radius and minimum obtainable 

temperature, tue experimental study was limited to only 50% web fraction 

analogue motors. 

End Termination Analysis 

Besides the circular fillet analogue motors, three cjnical end 

terminations and a square end reference motor were made and tested. 

Since time and funds did not permit a parametric study of the conical 

terminations, only the specific configurations tested were analyzed. 

The initial configurations were cones that intersected the case at angles 

of 90°, 60° and 45°. After completion of the first series of tests it 

was determined that In order to provide a more valid comparison between 

the circular fillet and the conical terminations a modified cone was 

required.  Therefore, the 45° partial cone was designed to displace the 

same propellant volume as the 0.20" radius fillet. 

The stress analysis of these geometries was also performed 

with the  Rohm and Haas computer code and the results are shown on 

Figures 13 through 15. Althougl the solutions for the 60° and 90° cones 

appear to be singular, for practical purposes finite values were taken 

to within one percent of the boundary. 

A limited analysis of a head bonded grain was also made.  The 

I 
! 

15 



0» 
c 

■5 
s 
Ü 

<u 

a 
o 

•FH 

CO 

0) 

I 

16 



wmmmm 

\ 
4.5 

4.0 

3.5 

3.0 

s 2-5 

Si     . 
b     2.0 

1.5 

^ 
  

\ > 
X s*"^ 

V X 
W/b = 50 Percent 

r/W = 0.2 
1.0 

0.5 

0 

y= I 3.499 

i 
0 2 3 

z/W 

3.5 

3.0 

2.5 

lO 

W   2.0 

*■   1.5 

1.0 

0.5 

0 

f • 
■   1 i   i   i   i   i 

/ 

r-* 
w       < i i A 

/ 

\ 

N, 
W/b = 50 Percent 

r/W = 0.2 
^ 

\ 
^ 

1/ = 0.499 

^ss 

"- 

2 3 

z/W 

Figure 7.  Stress Distribution at the Case-Grain Interface. 

17 

—   ■ 
-«^„.^..„-^.j.^-M 



w  "■" 

W 
i 

12 

i n r/W ' = 0.2 
W/b = = 50 P ercent 

ID 

n .^ -< 
r N 

ft 

U.Ö "1 hs 
\ \ o 

O.E r \ 

\ \ 

e 
1 

\ i\ \ 
l 

b 

/ 
V 

\ \ \ 

A / 

\ A s. t 1/ 
\ A \ 

0 1                           <l\ 
\\\\\N\NV , / V k 

I 
s         w     i 

\ 

o 
i 

i   i   i   i   i 

0 0 .4 0 .8 1 .2 1 .6 2.0 
S/r 

Figure 8.  Tangential Stress a the Conical Fillet. 

18 

i äiHliritonnl—.. iW .   .  



■— ^ViT-LUi«..1-.-    ...J-ÜIU:., ... ÜIMJWI 

•o 
W 

i 

N 

5 

7 1 1         1         1         1 

6 
r       ' 1        t   / 

1             *    ; i yr/^ ̂ 1A t 
/ 

R / 

/ 

4 / 

f 

s 
/' 

1/4 

/ 

/ 

y 
/ 

/l1/2 

3 / 

/ 

/ 

/ s 1 

/ / /; 
/ 

o / / 

/. y 

/ x A y 
1 
^ 

^ 

/ Phot( 
E 
jelasti 
)ata 

c 

r / 

0 
0 0.2 0.4 0.6 0.8 1.0 

W/b 

Figure 9.  Maximum Interface Shear Stress at the Circular Fillet. 

19 

 , . 



14 

12 

10 

/ 

r/W='l/8 

/ 

/ /T* 
/ 

/ V 
/ / 

Y 
/ 

1/2 

/ / 

/ 

\ / 

/ 

3/4- 

/ 

/ 
/ 

/ 
/ 

/ 
/ 
/ / 

/ r 
/ / / 

() 

/ 

/ y // 

y Photoelas 
Data 

jtic 

// V 
/ 

K r y 

V     V       V V       V / _J 
r—r\ r i r 

/ 

i 1 
/ 

1 
0 0.2 0.4 0.6 0.8 1.0 

W/b 

Figure 10.  Maximum Tangential Stress at the Circular Fillet. 

20 

—  



MWW igiaamiiwyT»WW— 11-p 

12 

10 

8 
o 
W 

i 

b 

i 
/ 

r       r t   J    \ 
\ 

i r 
/ 

V ̂ 

/ 

^ 
■^ 

^ ^ r -i ̂  ̂ ^ 
nr /i_ r /\  T"» w/u - ou i-ercem 

J 
au Fei 
iO Per 

-cent 
cent 

0 0.2 0.4 0.6 0.8 1.0 
r/W 

Figure 11.  Maximum Effective Stress at the Circular Fillet. 

21 

- 

laaMMiMfll^^BHHMaMMA IWnwJfcatTaii IT ilihM 



TuisaKii;.' zwr. 

3.2 

2.8 

2.4 

2.0 

« 

1.6 

1.2 

0.8 

0.4 

1 
/      1 xxxxxxxxxxxxx  /   —[ 

w 

1 ^ /       _J 
/ 

V 
V ^^ 

N \^ 

"v 
\ 

^, 

v ^. 

V 

^ L 
V \ 

\ 
Ik 

N K^ x^ 
^ k^ 

^s < 

» 

0 0.2 0.4 0.6 0.8 1.0 
r/W 

Figure 12.  Maximum Stress Ratio at the Circular Fillet. 

22 



■      ' ",l"   "—^-"^l 

: 

1 T 

ia
l 

R
am

p 

^^   1 1 
_   . 

</ 

1 

1 0) 

u 
be 

/ 

4 
2: 
bß 

.a 
i 

in 

1 

5> 

• a _ 
ii 

P 
O 
CO 1 r 

I k ^ 
in 

? 

1 
• 

I A 1 * 

/ 

q-^ ^ 

CO y -/ 7 
u 
\ a — 

y 
/^ 

45
 D

eg
re

es
 

1  
   

   
J 

p y 
/ 

y* \ > II 

to 

m 

PJ 
N 

N 

CO 

m eo es» 

23 

ä 

•^«•■Ti-»-.--;.-,«■>;-"■..ar- 



CO 

7 1 
/ 

\IJJJJ/J///Js   1 
6 i        4       / 

w 
/ 

5 

i / 

W/b = 50 Percent 

4 \ 

v=Q .499 1 

\ 
V 

3 \ l\ . 

2 
— 

i 

0 
2 

z/W 

Figure 14.   Effective Case Bond Stress for the Square End 
Termination Grain. 

24 

__ 



...     ,        .. -:,   .,. .,     „.      .: 

6 

a 
J    4 

VS//S//////I/J I 

i V    if 
\\ 

W/b = 50 Percent 
/ 

\\ 
V 

i/ = ( ).499 

^ N. y 
— 45- ■Degrc je Par tialRi V unp ■ 

\ V 
\ 

\ 
\ 

45 Dl 

\ 

agrees 
L              1 

\ •v 60 Dej ;rees 
^ 

-^ 

0.2 0.4 0.6 
s/W 

0.8 1.0 

Figure 15.  Effective Stress Distribution at the Conical End 
Terminations. 

25 

taHatittasiia 



Stresses at the bond of the propellant to a flat rigid head closure are 

shown on Figure 16. These results indicate that the head bond causes a 

similar situation as the cylindrical bond termination, and that the 

magnitude of the stress is not significantly different. Therefore, 

conclusions that apply to the end termination will also apply to the 

head bond. For this reason no further detailed study of the head end 

was undertaken. 

THERMOVISCOELASTTC RESPONSE 

The mechanical response of the analogue motors to spatially 

uniform temperature changes was predicted using a numerical solution 

to the superposition integral for specified strain and temperature 

histories.     The validity of the solution was established by comparing 

the calculated response of simultaneously strained and cooled JANAF 

tensile bars to the actual measured response. 

It is assumed that the propellant is a thermorheologically 

simple viscoelastic material in which case the relaxation time is only 

a function of temperature. Therefore, the time-temperature shift factor 
(12) 

is given by the "WLF" equation 

log ».j- -C1(T-Tg)/(C2+T-Ts) 

where C. and C9 are material constants and T is an appropriate refer- 

ence temperature. The reduced time is defined as 

,t 

v/ dt 
aT T(t) 

If the temperature is assumed to be constant between a series of step 

changes, the reduced time is given by the following sum 

K   At^ 

The viscoelastic stress response to a strain history is given by the 
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Figure 16. Stress Distribution at the Bore of a Fixed End Grain. 
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superposition integral 

where I is the relaxation function. 

If the strain history is assumed to be a series of step func- 

tions each applied at its appropriate time, t'  stress becomes the sum 

of the stress relaxations for each strain.  The corresponding relaxation 

function will be determined for each strain history according to the 

temperature variation during its period of application.  This procedure 

allows the integral equation to be replaced by the sum 

(V   rf: 4(V ^K 
S K— 1 

For uniaxial states of stress i is equivalent to the relaxation modulus 

which can be represented by a Dirichlet series.  This series can be 

fitted to experimental data to any desired degree of accuracy.  In terms 

of the reduced time the relaxation modulus is 

Table 1 shows the constants in the relaxation series used for the 

ARCADENE 212 propellant to calculate the stress response for the JANAF 

specimens as well as the analogue motors. 

Figures 17 through 21 show the calculated stress response of 

the thermomechanically loaded JANAF tensile bars compared with the 

measured response.  These tests are described in Volume II of this report. 

Since the thermal gradient problem could not be solved, the 

exact analytical solution was bracketed by first assuming a uniform 

temperature equal to the temperature at the center of the specimen,  Thir^ 

ir> represented by the lower curve on the figures.  Next the temperature 

of the bar was assumed to be uniformally equal to the chamber tempera- 

ture and the upper curve was calculated.  Actual data points are shown 

as circles and squares.  The open symbols indicate rupture. 
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Some of the differences between theory and experiment can be 

attributed to the nonlinear characteristics of the PBAN propellant, 

particularly at small strains (see Appendix A for propellant mechanical 

properties).  A major foctor is that the time-temperature shift factor 

is not well characterized at very low temperature.  It would take only 

a small error in log a to explain the differences observed. 

The temperature history of the analogue test motors was 

approximated based upon actual measurements as shown on Figure 22, and 

the stress response was calculated by the numerical procedure using a 

piecewise linear temperature and strain input.  The normalized critical 

analogue motor stress is shown on Figure 23 where the concentration 

factor, K_, depends upon the end termination geometry. The differential 
r 

thermal  strain  is 

where 

(a -  a )   (T-140) 
P      c 

• 

a    =  6.2 x  10       in/in/0F 
P 

a    =  1.3 x 10"5  in/in/0F 
c 

The effective stress  and effective strain response  for each motor 

configuration  is  shown on Figure 24  together with the strain-and-cool 

failure envelope.     The  failure temperatures  are determined  from the 

strain where the  calculated curves   intersect  the  failure envelope.     A 

comparison of  the  calculated  failure temperatures with the experimental 

results   is presented  in the section on End-Shape Evaluation where  the 

correspondence  is  seen to be excellent. 
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TABLE I. RELAXATION SERIES COEFFICIENTS FOR ARCADENE 212 

I 

m 

1 

2 

A 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

in(min) 

3.16x10 

3.16x10 

3.16x10 

3.16x10 

3.16x10 

3.16x10 

3.16x10 

-10 

-9 

-8 

-7 

-6 

-5 

-A 

3.16x10 

3.16x10 

-3 

-2 

3.16x10 

3.16x10° 

3.16x10 

3.16xl02 

3.16xl0: 

3.16x10^ 

3.16x10- 

3.16xl0( 

-1 

3.16x10' 

3.16x10 

m(PSI) 

4.389x10^ 
L 

3.688x10 

3.312x10^ 

2.900x10 

2.137x10^ 

-4 

8 

1.554x10 

8.978xl03 

5.750xl03 

3.301xl03 

1.964xl03 

1.630xl03 

1.047xl03 

5.353xl02 

4.723xl02 

1.613xl02 

1.113x10^ 

7.185X101 

4.202xl0] 

1.005x10' 

E = 200 
e 
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PROPELLANT SELECTION AND ANALOGUE MOTOR FABRICATION 

The choice of a propellant system for use In this program was 

made based on several factors.  Specifically, the propellant was required 

to be a well characterized state-of-the-art system exhibiting good 

mechanical properties and excellent reproduclbillty.  The carboxy- 

terminated polybutadiene (CTPB) and the polybutadiene arcylic acid- 

acrylonltrile terpolymei (PBAN) systems were considered. While 

propellants of both types were available, a PBAN formulation was chosen. 

This choice was based on a consideration of the objectives of the analogue 

motor tests.  In order to facilitate a comparison of the effects of 

various grain-end configurations, it was necessary to produce propellant 

failures at the grain ends when the analogue motors were subjected to 

decreasing temperature. Since these failures would be strain-Induced, 

It was anticipated that the low temperature properties of the PBAN system 

would more readily lerd themselves to producing propellant failures at 

low temperatures. 

The mechanical properties of the PBAN system (ARCADENE 212) 

are presented in Appendix A. 

Fabrication of the analogue motors to evaluate the various 

experimental grain-end configurations was very straight forward.  Basically, 

these motors consisted of a ten-inch long, fifty percent web fraction 

circular port grain case-bonded in a four-inch diameter heavy wall aluminum 

tube. 

A dimensional sketch of the motors is shown in figure 25. One 

series of motors was  cast using 1/4" thick pyrex glass cases in order 

to provide 100 percent inspection of the propellant/case bond.  Pre- 

liminary tests showed a tendency for the glass cases to crack at -650C 

or below.  Hence, all test motors were cast using aluminum cases. 

The inner surfaces of the aluminum tubes were sandblasted and 

pre-coated with a Formvar*polymer solution to insure good case-bondine 

of the propellant. 

*A polyvinyl formal polymer manufactured by Monsanto. 
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Identical grain-end confipurations at the case-propellant juncture were 

Incorporated in both ends of a given motor by attachment of removable 

inserts either to the motor case wall or the center perforation mandrel. 

The 90° square corner end configuration was insured by use of a special 

cutting tool to trim the grain ends after casting.  Incorporation of 

identical shapes in both ends of a given motor provided a built-in 

means of verifying the failurt. temperature and failure mode for each test. 

In addition to the t 'St motors containing the experimental 

grain end shapes, several special motors were cast with embedded thermo- 

couples for use as temperature references during the thermal cooling 

of thp experimental end configuration motors.  Each of these motors 

contained six thermocouples located at varying depths across the 

propellant web at two primary areas of the motor.  Figure 26 shows the 

diametrical locations of these thermocouples.  Three thermocouples were 

located across the mid-plane of the motor while the others were located 

across the end of the motor one-quarter inch below the surface. 

In order to minimize possible variations in the failure behavior 

of these end configurations due to propellant aging, motors were cast in 

groups of thirteen.  A total of four castings were made.  With each series 

of motors, several bulk samples were cast to provide laboratory samples 

for monitoring propellant properties. These samples accompanied the test 

motors throughout their Interim storage and testing.  Following the tests, 

these bulk samples were used to check the failure properties of the 

propellant in the test motors at the time these motors failed.  No change 

in properties was noted. 



11 " '. 

Conax Midget Thermocouple Glands 
Part No. MTG-24-A2 
Penetration 

(in) 
0.20 Max. 
0.50 
0.90 

Number of 
Locations 

2 

2 

0.20 In. Max. 

Figure 26.   Thermocouple Arrangement for Temperature Reference Motors. 
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EXPERIMENTAL EVALUATION OF END SHAPES 

TEST PROCEDURE 

The primary objective of these analogue motor tests was to 

compare the ability of the selected grain end terminations to prevent 

propeilant failure when subjected to decreasing temperature.  This was 

accomplished by subjecting each of the grain-end configurations to 

stepwise cooling until propeilant failure occurred.  X-ray inspection 

was used as a means of detecting nropellant failure in the form of 

cracks and/or case bond failure in the vicinity of the grain-end 

termination. 

The motors were cooled in a specially constructed temperature 

conditioning box which permitted X-ray examination of the entire motor 

without having to expose It to the ambient atmosphere at any time during 

the test. This was a very important consideration in view of the fact 

that motor areas of greatest Interest would be first to respond to any 

change in temperature.  Based on data from preliminary tests, the 

following stepwise cooling and radiographlc inspection procedure was 

chosen as a standard for all tests; 

Conditioning Box Soak Time for 
Temperature Analogue Motors 

(0C) (HOURS) 

25 X-raj; Start 
150 8 

-60 4 

-70 10 

x~ral' 

 *:l^  
-80 4 

 *Z™1  
-85 U 

X-rav 
190 " % 

X-ray 

'.3 



Three to five replicate tests were run to establish the failure 

temperature for each grain-end configuration.  In order to minimize 

possible test-to-test variation in the failure temperature for a given 

configuration, special efforts were made to ensure that each motor was 

subjected to the same thermal history. A typical analogue motor 

temperature profile from one of these tests is shown in Figure 27. 

Although it is not shown in the figure, close examination of the actual 

test records show that the maximum gradient across the  grain web did not 

exceed 20C at any time as the motors were cooled below -450C.  Hence, 

the conditions of spatially uniform temperature as used in the failure 

analysis were essentially existing in the actual test motors. 

EXPERIMENTAL RESULTS 

The experimental results obtained for each of the grain-end 

configurations are shown in Table II.  These failures were in the form 

of circumferential propellant cracks located at the grain ends as shown 

in Figures 28, 29, and 30.  The Indicated failure temperatures actually 

represent the average temperature of the motors at the time the X-ray 

first revealed signs of propellant cracks in the vicinity of the grain- 

ends.  Since the L'emperature of the motors was changed by only 5<,C 

between successive X-ray inspection the temperature at which failure 

actually occurred Is not more than ^"C ahove the indicated temperature. 

Cursory examination of these data and the corresponding test 

motors revealed some very interesting results.  It is observed that the 

data for a grain-end configuration exhibit good reproducibility and 

excellent agreement with analytical predictions.  Considering all of 

these tests as a group, suggests there is little difference in behavior 

between any of these end configurations.  Of the differences observed, 

the two 45° Inclined plane configurations appear to fail at temperatures 

consistently below the others.  Finally, the behavior of the square 

corner reference configuration, through in agreement with the analytical 
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FIGURE 28. End View of Analogue Motor Showing Crack in Area 

of End Configuration
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FIGURE 29. End View of Analopue Motor Showing Crack in Area 

of End Configuration
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FIGURE 30. End View of Analogue Motor Showing Crack in Area 
of End Configuration



approximation would still suggest somewhat unexpected behavior.  Further 

analysis of the above results Is required for more complete inter- 

pretations. 

The data from the two-dimensional photoelastic models Indicate 

that the stress concentration factor for the 45° inclined plane is almost 

a factor of two greater than the circular fillet. These shapes in the 

three-dimensional analogue motors not only produce higher concentration 

factors but also tend to be closer together. This result is mainly 

attributable to the increased dimensionality of the analogues. Secondly, 

the failure properties of the propellant exhibit significantly increased 

temperature sensitivity at lower temperatures.  As a result, in this 

region, small temperature changes cause relatively large changes in the 

resultant stress level in the propellant.  This is illustrated in Figure 

31 which shows the typical analogue motor stress as a function of 

temperature.  It is observed that the stress response down to about -60oC 

is essentially linear.  Below -60oC, the stress response becomes very 

strongly dependent upon the temperature.  Combining this behavior with 

the effects due to the dimensionality difference between the photoelastic 

models and the analogue motors, the relatively narrow spread in the 

analogue motor failure temperatures for the various end shapes is readily 

understandable. 

It is important to remember that the above tests only provide 

evaluation of the various grain-end configurations under a monatonic 

loading condition. The above results should not be interpreted to mean 

that under other types of loading the small differences in the actual 

effective stress concentration factors will not result in significant 

variations in failure.  Consider, for example, the stress loading of the 

propellant in the vicnity of the end termination durit.j» thermal cycling. 

Each time a motor is cycled between a high and low temperature, some 

damage is done to the propellant.  Repeated cycling will cause this 

damage to accumulate in an exponential manner until failure finally 
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occurs. The rate of damage accumulation at the grain-end Is, among 
other things, dependent upon the level of stress which In turn depends 
upon the stress concentration factor for the particular grain-end 
configuration. Because of the exponential nature of this damage 

accumulation process, only a small change In the rate of damage Is 
required In order to result In a very significant variation In the time for 
failure. Hence, when the experlmenta’ grain-end shapes in the above 
tests are considered in keeping with this reasoning, the differences 

between the various shapes would become enlarged; and, therefore, more 
significant.

Time and funding limitations precluded detailed evaluation 
of the experimental end shapes In thermal cycling tests. However, some 

preliminary data were obtained. A limited series of analogue motors was 
made containing the 0.20" radius circular fillets and the partial 45® ramp 
configurations. Each of these motors was thermally cycles between room 

temperature and -60®C with X-ray Inspection at both ends of each cycle.
Two motors containing the circular fillets failed during sixth and 
seventh cycles. In the case of the 45® partial ramp, one motor failed 
on the seventh cycle while the second motor showed no sign of failure 
after ten cycles. Unfortunately premature case bond failure In a third 
pair of motors coupled with mechanical failure of the temperature control 
mechanism prevented additional testing. However, these very preliminary 

results do appear to be consistent, at least in a broad sense, with both 

the above discussion as well as the monotonic stepwise cooling data.
Tlie other misleading aspect of the analogue motor test data 

is the apparent behavior of the square corner configuration. As 

mentioned earlier, both the analytical predictions and the experimental 
data suggest that this configuration Is nearly as good as the other shapes. 

This is not true. Analytically, this configuration results In a stress 
singularity for which an Infinite stress is predicted (see Figure 13).
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However, in order to analytically approximate the failure temperature of 

the analogue motors containing this shape, the stress concentration at 

a point near the grain end was used. Close examination of the experi- 

mental square corner analogues revealed that propellant failure occurred 

very close to and extended along the motor case wall. On an X-ray film 

taken through the motor diameter, this area shows as a somewhat fuzzy 

transition region between two materials of different radiographic 

density. While X-rays can detect relatively small defects, there is a 

lower limit beyond which resolution Is extremely difficult and impracti- 

cal.  Hence, In the square corner analogue motors, it is believed that 

failure actually occurred at a temperature considerably above the temper- 

ature at which this failure became detectable by X-ray,  For these reasons, 

the square corner analogue motor test results should be considered only 

in a qualitative manner. 
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FULL SCALE DEMONSTRATION 

The final task in this program was the fabrication and testing 

of a large "full scale" motor containing the best of the grain end con- 

figurations previously evaluated. The purpose of this single test was 

to demonstrate the örgree to which the concepts of grain-end shaping can 

be incorporated into the design and fabrication of an actual case-bonded 

solid rocket motor.  All of the photoelastic, experimental and analytical 

data were reviewed prior to building this motor. Based on the review, 

it was determined that the 45° partial ramp end configuration proved to 

be the best of the shapes previously evaluated. Hence, this shape was 

chosen for incorporation at the aft-end grain termination of the demon- 

stration motor.  A one-inch radius circular fillet was chosen for the 

head-end bore termination. 

A circular port grain, twelve inches in diameter, thirty-six 

inches long with a fifty percent web fraction was cast into an Air Force 

supplied flight weight metal motor case.  A sketch showing the general 

dimensions of thi? motor is shown in Figure 32.  The same propellant 

casting and case-bonding techniques used for the analogue motors were 

also employed in fabricating this demonstration motor.  A special tem- 

perature conditioning chamber and grain positioning assembly were built 

for this motor in order to provide the same precautions as employed 

for the analogues during the cooling and X-ray examination. 

The testing for this motor consisted of cooling it twice to 

-60oC (-750F).  This temperature was chosen as being the practical low 

temperature requirement for current state-of-the-art motors.  In the 

first test, this motor was cooled in a stepwise manner according to the 

temperature profile shown in Figure 33.  Thorough X-ray inspection after 

each temperature interval showed no signs of propellant failure. Visual 

examination upon return to room temperature confirmed these findings 

prior to the second cooling. In the second test, the motor was shock 

cooled to -60oC, X-rayed and returned to room temperature.  Again, 

thorou^i examination showed absolutely no sign of propellant failure. 
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Based on these results, it has been concluded that the tech- 

nique of grain-end shaping is a feasible way in which to significantly 

reduce the possibility of structural failure in case-bonded motors. 
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CONCLUSIONS AND RECOMMENDATIONS 

Several conclusions can be drawn from the evaluations conducted 

during this program.  Specifically, they are as follows: 

A. Grain-end shaping Is a feasible means of reducing failures 

due to stress concentrations at case/propellant end terminations; 

B. The sensitivity of propellant failure properties to chang- 

ing temperature Is an important influencing factor; 

C. The effects of cumulative loadings should be considered 

when choosing an end termination configuration; 

D. An inclined plane of A50 or less appears to be a very 

desirable grain-end termination; 

E. The size of a particular grain end shape is very dependent 

upon the dimensions of the motor; and 

F. The approximate analytical techniques used herein to 

predict end-termination failure temperatures based on a Smith Failure 

Envelope appear to give very reasonable results. 

Based on the results obtained and problems encountered in this 

program, it is recommended that any future efforts should be directed to 

the evaluation of these end configurations under conditions of multiple 

And cyclic loading. 
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TABLE   I 

MECHANICAL PR01ERTIES.   ARCADENE  212.   977-T 

Test Crosshead 
Rate No. of 

at Max imum at Rup ture Tai 
Mo( 

igent 
Temp. Stress Strain Stress Strain lulus 
(0F) (in/min) Tests (psi) {%) (psi) _J7,}_ (psi) 

160 0.2 3 56 23 55 25 358 
0.5 3 64 25 63 27 394 
2.0 5 76 26 75 28 443 

20.0 3 90 27 90 30 502 

115 0.2 3 70 28 68 32 385 
0.5 2 78 28 76 32 413 
2.0 5 82 30 78 34 434 

20.0 3 106 30 101 37 559 

75 0.2 3 90 30 86 34 483 
0.5 3 98 29 93 35 541 
1.0 3 105 29 97 37 615 
2.0 5 112 29 106 35 616 
5.0 3 131 29 122 36 728 

10.0 3 147 31 135 39 797 
20.0 3 152 31 139 40 798 

45 0.2 2 129 30 121 38 740 
0.5 3 130 31 119 39 731 
2.0 5 158 31 145 41 871 
10.0 3 186 33 160 46 975 

15 0.2 2 192 26 181 32 1 ,395 
0.5 3 212 26 195 34 1 ,610 
2.0 5 250 25 227 34 2 ,528 

10.0 3 319 25 285 35 2 ,949 

- 5 0.2 3 284 21 258 29 2 ,822 
0.5 3 309 21 279 29 3 ,470 
2.0 5 374 20 330 30 4 ,598 
10.0 3 473 19 418 29 5 ,990 

-20 0.2 3 335 19 297 27 4 ,330 
0.5 3 351 18 322 24 5 ,640 
2.0 5 454 16 411 24 6 ,460 

10.0 3 590 15.1 551 22 9 ,377 

-35 0.2 3 566 14.4 517 19 8 ,207 
0.5 3 614 13.3 575 17 12 ,153 
2.0 5 734 11.5 675 16 16 ,280 
5.0 2 783 10.8 765 13.5 16 ,300 
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TABLE  I,   Cont. 

Test Crosshead 
Täte No. of 

at Max imum at Rupture Tangent 
Temp. Stress Strain Stress Strain Modulus 
(0F) (in/min) Tests (psi) (%) .„(Mil m (Ml) 
-50 0.2 797 9.5 767 11.5 18,667 

0.5 862 8.3 840 10.2 21,933 
2.0 966 7.0 942 8.3 29,700 
5.0 1,025 6.8 1,018 7.8 29,967 

-65 0.2 1,029 5.5 1,013 6.5 38,750 
0.5 1,145 4.5 1,139 5.0 45,840 
2.0 1,145 3.5 1,131 4.2 71,062 
5.0 1,267 2.3 1,240 3.0 106,860 

-76 0.2 1,168 2.9 1,142 3.8 74,333 
0.5 1,317 2.1 1,300 3.1 104,933 
2.0 1,500 1.8 1,500 2.1 115,167 

-85 0.2 3 1,490 1.8 1,483 1.8 110,000 
2.0 2 1,660 1.4 1,660 1.4 154,500 
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A modified power law has been used to represent the relaxation modulus. 

The form used was 

E  - E 
E(t)   E + 

e 
-S_ 

|l + c(t/aT)| 

where the rubbery modulus, E was estimated to he  12b  psi by examining 

isochronal plots for data at 115 and 160oF; the glassy modulus, E was 

estimated to be 316,500 psi by extrapolating the master stress-strain 

curve; c is the reciprocal of the relaxation time T and P is the slope 

of the transition region.  This representation of the relaxation modulus 

is illustrated in Figure 3 by a dashed line. 

FAILURE PROPERTIES 

When stress and strain obtained at various rates and tempera- 

tu-.-es are plotted, the resultant curve defines an en-zclope useful for 

failure analysis.  For nn.it practical applications, the envelope for 

strain at maximuu 'tres^j presented In Figure A.Awill adequately estimate 

the ultimate envelope for uniaxial strain.  The envelope for rupture pro- 

perties is also shown. 

POISSON'S RATIO 

To determine Poisson's ratio, y, in compression the following 

relationship was used; 

where p is pressure, z Is specimen deflection and E Is the equilibrium 

relaxation modulus. 

A cylinder of propellant was bonded Into an aluminum block. 

A flexible beam (attached to the block) was allowed to rest on the speci- 

men.  The block was stationed Inside a closed chamber, the chamber pres- 

surized and the specimen deflection monitored.  If no deflection Is 

measured for positive pressure, z = 0 and v    0.5 Indicating a non-com- 

pressible material. Three replicate tests were performed with the average 

value of V  equaling 0.49985. 
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COEFPICIENT OF THERMAL EXPANSION AND GLASS TRANSITION TEMPERATURE 

A quartz  tube dilatotneter was  used  to obtain measurements  of 

the coefficient of  linear expansion, a,  and  the glass  transition tempera- 

ture,  T  .     Four replicate tests were  conducted.     The  average value  for Q 
g 

was 11.2 
•5 . 

10 '' in/in/0C and for T , -74C,C.  The value for a  reported 

above represents the expansion coefficient above T , 

REPRODUCIBILITY 

Batch to Hatch 

Mechanical properties for the five batches of ARCADENE 

212 which were cast Into analogue motors are listed in Table II.  Data 

for the five batches were averaged and standard deviations computed. 

These data are shown in Table 111.  Standard deviations, in per cent of 

the mean, are less than 10%  (with 3 exceptions) and usually about 77» in- 

dicating batch to batch reproüucibillty was statistically acceptable. 

These averaged data were subsequently reduced to master 

curves in the manner previously described.  Reduced curves are presented 

as follows; 

Figure A.5 Master Curves 

Figure A.6 Relaxation Modulus as a Function of Time 

Figure A.7 Smith Failure Envelope 

Mechanical response shown for these batches was not signi- 

ficantly different from Batch 977-T at the lower temperatures but di-.d 

vary at higher temperatures with higher stress and less strain at a given 

test condition. 

Raw Material Lots 

After batches 977-T and 3736 were made, new lots of raw 

materials were analyzed and the succeeding batches (1210-T, 1226-T, 

1278-T and 3930) were prepared using the adjusted equivalent weight 

ratio for polymer and curing agent.  Data discussed above (which encom- 

passes batches from two lots of raw materials) show that the required 

adjustments in polymer/curing agent ratio produced batches of propellant 

statistically alike. 
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TABLE II 

MECHANICAL PROPERTIES OF ARCADENE 212 

Class A/C Specimens (Strain Rate  0.7 min 
-L 

Test 
Temp. 

at Max iwum at Rupture T ingent 
Mix Stress Strain Stress Strain Modulus 
No. (0F) (psi) {%) (psi) (%) (psi) 

3736 160 - - - - - 

75 128 24 119 29 840 

-20 475 13.7 409 18 7692 

-45 811 10.3 790 11.7 21833 

-65 1166 3.8 1157 4.4 54063 

1210-T 160 76 20 72 24 638 

75 152 24 145 28 1003 

-20 535 16 497 21 10933 

-45 809 8.8 787 10.3 23750 

-65 1300 3.6 1267 4.2 60492 

1226-T 160 72 21 69 24 500 

75 152 26 140 31 913 

-20 541 17 493 23 9333 

-45 855 7.8 835 8.8 26333 

-65 1287 3.4 1257 3.9 65077 

1278-T 160 72 23 69 27 453 

75 130 27 117 33 760 

-20 490 17 440 24 8933 

-45 815 9.2 788 11.0 21173 

-65 1207 3.9 1187 4.7 55250 

3930 160 84 20 82 23 655 

75 138 24 128 30 970 

-20 483 17 425 26 8907 

-45 805 8.3 780 10.3 22067 

-65 1130 4.0 1100 5.0 56750 

78 



1 

. 

TABLE III 

ARCADENE 212 

AVERAGED MECHANICAL PRO! ERTIES FOR FIVE ANALOGUE MOTOR BATCHES 

Test at M. ximum at Ru pti jrc Tangent 
Temp. Stress Strain Stress Strain Modulus 

O') (PS n C) (psi) a) (psi) 

160 76 21 73 24 562 

CO 6.6 5.7 8.2 6.1 15.5 

75 140 25 130 30 897 

ia) 7.1 5.2 8.5 4.6 9.8 

-20 505 16 453 22 9160 

(a) 5.5 8.1 7.9 12.1 11.4 

-43 819 8,9 796 10.4 23030 

(a) 2. 2 9.6 2.5 9.6 8.0 

-65 1218 3.7 1194 4.4 58330 

5.5 5.4 5.2 9.1 6.9 

(a) Standard Deviation in per cent of the Mean 
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Thermal and Mechanical Stability 

Figure 8 illustrates the effect o1:  one year ambient stor- 

age on the stress and strain of this propellant..  Although Batch 977-T 

was used and the effects of ambient "post curing' are quite evident, 

excellent storage stability is indicated for the period initiating at 4 

and terminating at 52 weeks.  Data from the five analogue batches at 

zero storage time are also shown in Figure A.S.These data show that 

after the initial post curing period, Batch 977-T exhibited behavior 

up to 52 weeks much like the other five batches at zero time. 

Blocks of propellant accompanied the Batch 3736 analogue 

motors (Test Series 1 through 4) from casting to and including the pro- 

grammed thermal cycling.  Data shown in FigureA.9indicate no adverse 

affects were realized in the mechanical behavior as a result.  Random 

data scatter indicate probable block to block variation within the 

batch. 

CONCLUSIONS 

The ARCADENE 212 PBAN propellant has been sufficiently charact- 

erized to support stress analysis of the analogue motors. 

The thermal and mechanical stability required for a program 

of this scope were shown to be excellent with environmental changes and 

with time. 
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Studies on Improvement of Solid Propellant End-Grain Configurations 
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by 
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MAXIMUM STRESS AT THE MGUIAR CORMERS OF LONG STRIPS 

BONDED ON ONE SIDE AND SHRUNK 

by 

A. J. Durelli and V. J. Parks 

ABSTRACT 

The value of the maximum stress, and its position, at the corner of 

long strips "bonded on one side and shrunk, has been determined using photo- 

elasticity. The angle of the strip end varies from zero (crack) to l80o 

(no corner). The radius at the corner varies from less than 0.0001 in. to 

0.125 in. The solution obtained is an approximation to a plane stress 

solution and will have application in composite materials problems (coatings, 

solid propellant rocket grains, etc.). 
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MAXIMUM STRESS AT THE ANGULAR CORNERS OF LONG STRIPS 

BONDED ON ONE SIDE AND SHRUNK 

ty 

A. J. Durelli and V. J. Parks 

INTRODUCTION 

The problem of restrained shrinkage arises in coated surfaces and in 

composite materials (matrices with inserts) and is of great interest to 

designers of solid propellant rocket grains. Since most propellant grains 

are bonded to the rocket casing, free movement at the interface is prevented. 

Restrained shrinkage occurs in the process of propellant curing and when the 

temperature changes. The stresses or strains induced by shrinkage sometimes 

have their maximum at the interface, especially at corners separating the 

bonded from the unbonded zones. The grain geometry at these critical regions 

has a strong influence on the stress concentration caused by the shrinkage. 

In a series of previous papers different geometries have been 

investigated both in two-dimensional and three-dimensional models. However, 

it was felt that the optimum shape of an end configuration had not been 

found. As a further contribution to the solution of this problem, a long 

strip bonded on one side to a steel bar has been shrunk and the stresses 

analyzed using photoelasticity. It is possible to conceive the solution of 

this basic problem as a simulation of the meridian cross-section of a thin 

(7) web rocket grainv '. 

*  Numbers in parentheses designate references at the end of the paper. 
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The configuration of the strip is shown in Fig. 1. One end of the 

strip is a plane inclined at different angles 0 with respect to the 

longitudinal axis (Fig. l) and has a radius R at the corner. 

EXPERIMENTAL WORK 

The expc-rimental technique of casting a two-dimensional photoelastic 

model on a rigid frame has "been reported in previous papers^ ' , Essen- 

tially a polyurethane ruhber base and a catalyst were heated at IkO  F and 

mixed, de-aerated with a vacuum pump for ten minutes and then cast in a 

heated mold. The mixture was cast open-fe.ce and let to set overnight at 

room temperature. Then it vas heated slowly to 26o F, cured at that 

temperature and cooled slowly to room temperature. The dimensions of the model 

are shown in Fig. 1. The steel bar to which the rubber is bonded has a 

knife edge to avoid the "pinching" effect^   and simulates the plane-stress 

condition. 

The different angles that the end of the strip form with the steel 

knife edge were produced by successively cutting material away from the model. 

Three different corners with radius R = l/8 in., l/32 in., and a radius 

less than 1/10,000 in. were used. While the first two were formed by using 

l/k  in. and l/l6 in. diameter routers, respectively, the last one was 

obtained using a stainless steel plastic-coated razor blade. To obtain the 

last mentioned corner, a small radius router was used first up to the knife 

edge and the razor blade was then used to remove the fillet left by the 

router. Steel blocks were used to guide the blade and avoid buckling. The 

end angle 0=0° (equivalent to a crack) was obtained by forcing the 

blade into the rubber along the knife edge of the bonding bar. The corner 

90 

'■- 



of all the other angles were made with two different techniques, first by- 

making two cuts, one along the bonding bar and the other at the desired 

angle 0 , and the second technique, by using one cut along the desired 

angle. 

The configuration of the tip of the cut made with the razor blade is 

probably not circular. It has been estimated, however, that the crack tip 

has a curvature of less than 0.0001 in. 

RESULT AND ANALYSIS 

Figures 2 and 3 show isochromatic patterns of the model made with the 

razor blade and end angles 0 a 0° and 90°, respectively. Figs. 1+ and 5 

are enlargements of the corners of Figs. 2  and 3 to illustrate the precision 

of the techniques used. 

Isochromatic fringes are directly proportional to the maximum shear 

stresses: 

01 ■ 02 
Tmax " —2— s, n Fo ^ 

in which T     ■ maximum shear stress 
max 

o,, a« = principal stresses 

n     = fringe 

F     = model stress fringe value 

In the case of free boundaries one of the principal stresses is zero 

the other can be obtained directly from Eq. (l). In this study, the stress 

concentration factor is defined as: 
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K = JS^ (2) 
av 

in which K = shear stress concentration factor 

T = maximum shear stress at arbitrary point of the boundary 

T = maximum shear stress at the uniform portion of the av 

model 

From Eqs. (l) and (2) 

K   m   JL (3) 
n v ' 
av 

This factor is also a maximum normal stress concentration factor since 

both the maximum stress and the nominal stress are uniaxial (a- = 0). 

Stress concentration factors for end angles 0 varying from 0 to l3o 

and corners radii R = 1/8 in., 1/32 in., and <l/lO,000 in. are plotted 

in Fig. 6. It is interesting to see that peaks of stress concentration 

occur at approximately 0 = 90  as well as 0=0. The optimum acute 

angle seems to be in the neighborhood of 60 . 

In the results shown in Fig. 6, the triangles correspond to the two- 

cut-technique and the solid circles and squares are the data points 

obtained using the one-cut-technique. The scattering of the data can be 

seen in the figure. 

The position of the point of maximum stress is not located at the 

interface but somewhere above. This position changes as the angle 0 

changes. Fig. 7 shows the variation for R = 0.125. 
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Fig. 4 ENURGEMENTS OF ISOCHROMATIC FIELD IN THE NEIGHBORHOOD OF 

THE CORNER OF A CRACK



DARK FIELD

LIGHT FIELD
Fig. 5 ENLARGEMENTS OF ISOCHROMATIC FIELD IN THE NEIGHBORHOOD OF 

A RECTANGULAR CORNER
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STRESS COr<CE:.TRATIONS AROUND ELLIPTICAL PERFORATIONS IN 

LONG PIArSS WITH SEMI-CIRCULAR ENDS, BONDED AT THE 

BOUTTOARIES AND SHRUNK

A. J. DurelU . j. Parks and Han-Chow Lee ^

ABSTRACT

A long plate having a semi-circular boundary at the short end vas bonded 

partially or totally to a rigid frame along its boundaries. Elliptical holes 

were located near the boundary, either at the apex or at the transition be- 

tween the straight and circular boundaries. The stress concentrations 

around the elliptical holes when the plate is subjected to biaxial restrained 

shrinkage have been determined using photoelasticity. The results obtaine(< 

may be found useful in the design of some rocket propellant grains.

1/ Prnri.rcor, Ci"il Enginecrir.g ISccnanics, The Catholic University of 
America, Unr',Ington, D. C.

2/ Assistant Professor, Civil ELigineering and Mechanics, Catholic University.

_ ro. .-;>^c\.oial Fellow, Civil Engineeririg and Mechuuics, Catholic University.
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STRESS CONCENTRATIONS AROUND ELLIPTICAL PERFORATIONS  IN 

LONG PLATES WITH SEMI-CIRCUIAR ENDS.  BONDED AT THE 

BOUNDARIES AND SHRUNK 

A. J.  Durelli, V.  J.  Parks and Han-Chow Lee 

INTRODUCTION 

If the boundaries of a plate are bonded partially or totally to a rigid 

frame and the plate is then shrunk, a biaxial stress field is set up in the 

plate due to the restrained shrinkage.    Suppose the plate is cut with a hole 

tangent to the boundary, a stress concentration will be induced along the free 

boundary of the hole.    It is in this region that plates designed as described 

will fail when the shrinkage becomes too large.    The pxesent study is directed 

towards a better understanding of the stresses developed in the neighborhood 

of elliptical holes in plates subjected to restrained shrinkage.    It will be 

conducted parametrically with the objective of arriving at    the most efficient 

geometry.    The results obtained will find application in the field of solid 

propellant grain design since the geometry of the plate studied is the merid- 

ian cross-section of some of these grains and as pointed out in a previous 

(1)* paperv        , the two-dimensional simulations may be significant in the design 

of the three-dimensional grain. 

The problem of restrained shrinkage has been studied extensively both by 

using two-dimensional and three-dimensional photoelastic methods as described 

(2-7) 
in a series of previous papers v        .    This paper deals with the stress dis- 

tribution in the neighborhood of various elliptical holes located at or near 

*   Numbers in parentheses refer to references at the end of the paper. 
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the end of a long plate which has a semi-circular edge at the end. The plate 

is bonded partially or totally along its boundary to a rigid frame and shrunk. 

The photoelastic analysis was conducted on two models as shown in Figs. 1 

and 2 for two different locations of elliptical holes in plates.  In Fig. 1 

all the boundaries of the plate were bonded. An elliptical hole was located 

longitudinally at one apex of the plate and another c^iptical hole 

was located transversally at the other apex.  In the second model, at shown in 

Fig. 2, the plate was bonded only along the straight boundaries and the circu- 

lar boundaries were free. Two elliptical holes were located longitudinally at 

the point of discontinuity between bonded and unbonded boundaries at one end 

A polyurethane rubber resin and a catalyst were separately heated to 11*0 F and 

mixed, de-aerated with a vacuum pump for ten minutes and then cast In a heated 

mold. The mold had an open fa e and the mixture was allowed to set for about 

o 
12 hours at room temperature  It was then heated slowly to loO F, cured at 

that temperature for 96  hours, and cooled slowly down to room temperature. 

Restrained shrinkage was produced in the models in the curing process. All 

the edges to which the rubber models were bonded have a knife edge with a 

ised 

(10) 

30  included angle as shown in Figs. 1 and 2. This method was used to simu- 

late a plane-stress condition near the bonded edge of the models, 

The different sizes of the elliptical holes were produced by successively 

cutting material away from the models (Figs. 1 and 2). All sizes of 

106 

of the plate. Another pair of elliptical holes were located transversally 

at the same points on the other end of the plate. The size of the ellipses was 

varied systematically. 

EXPERIMENTAL WORK 

The photoelastic models were bonded to a rigid frame by casting, using a 

technique explained previously '  . The procedure is outlined as follows. 
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ellipses used here have the same ratio 2:1 (the ratio of major axis to minor 

axis). 

RESUBTS AND ANALYSIS 

Figures 3 and 1+ show typical isochroraatic patterns in the neighborhood of 

the elliptical hole located longitudinally and transversally, respectively, at 

the semi-circular end of the model.  Figures 5 and 6 show typical isochroaatic 

patterns in the models with elliptical holes located longitudinally and tranr - 

versally, respectively, at the point of discontinuity between bonded and unbonded 

boundaries. Enlargements of isochromatics in the neighborhood of the elliptical 

hole of Figs. 5 and 6 are shown in Figs. 7 and 8. 

The isochromatic fringes are directly proportional to the maximum shear 

stresses or to the difference between the principal stresses: 

01 - a2 
max = n F 

(1) 

where 

max 

01, 02 

n 

F 

maximum shear stress 

principal stresses 

fringe order 

model stress fringe value. 

In the case of free boundaries one of the principal stress is zero and thf. 

other can be obtained directly from Eq. (l). The stress concentration factors 

obtained in this study are restricted to the free boundaries of the holes. The 

factor is defined as 

K = 
max 
Ett 

(2) 
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where 

K 

max 

E 

a 

stress concentration factor 

maxiir.um tangential stress at   the free boundary 

Young's modulus 

the free shrinkage 

From Eqs. (l) and (2) 

K = 
2 n   F 

max q 
(3) 

where 

max 
is the maximum fringe order at the free houndary. 

It is possible to express the factor K in terms of fringe orders without 

using the value of F , E and a    if an auto-calibration is used. A small 

circular hole was cut at the center of each model where the state of stress is 

uniform biaxial tension. The maximum tangential stress on the circular hole 

can be determined from the circular, concentric isochromatics around the hole 

ac = 2 n F 
6      o a (M 

where 

n 
o      is the fringe order at the boundary of the circular hole. 

It is known that the stress concentration factor associated with a circu- 

lar hole in an infinite plate subjected to uniform biaxial tension is two. 

That is 

ae = 2 a (5) 

where 

is the value of the uniform tensile stress away from the 

hole. 
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By using Hooke's law, the stress can be expressed in terms of shrinkage as: 

a   = 
m 

1   -   V (6) 

where   E and  V are the elastic constants. 

From Eqs. (U), (5) and (6) 

F 

Ha (1-v) n 
o 

Therefore, hy substituting Eq. (7) into Eq. (3) 

2 n 

(7) 

K = max 
(1-v) n (8) 

For an incompressible material v = 0.5, Eq. (8) becomes 

k n 
K = max 

n (9) 

The stress concentration factors on the free boundary along a hole obtained 

from Eq. (9) are plotted in Figs. 9 and 10, for both photoelastic models. For 

the case of an elliptical hole close to the apex of the semi-circular end of 

the plate, it was found that the maximum stresses associated with the ellipse 

which has its major axis parallel to the longitudinal direction are smaller 

than the stresses associated with the ellipse which has its major axis parallel 

to the transverse direction. It is interesting to note in both cases the peak 

values of the stress concentration factor takes place at a/D = 0.3. 

In the case of the elliptical holes located at the point of discontinuity 

between bonded and unbonded boundaries, the relative value of stress concen- 

tration factors for the two positions of the ellipses was opposite to the 

previously mentioned result. The maximum stresses at the elliptical hole with 

its major axis in the transverse direction was found to be smaller than those 
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at the hole with its major axis in the longitudinal direction. 

If the serai-circular ends in the second model were cut straight along its 

diameter, as indicated in Fig. 2, the plate becomes a long rectangular plate 

with free short straight edges. The maximum stresses at the elliptical corners 

obtained in this case have values very close to those of the original model 

with maximum deviation of 6 percent. Therefore, the results given in Fig. 10 

can be also used for the case of various elliptical corners in a bonded long 

rectangular plate. 

In the limiting case when a = b, the elliptical hole becomes a circular 

hole. The stress concentration factors associated with circular perforations 

in plates may also be of interest in applications and have been obtained by 

using the same method as described in this paper. The results for these cases 

are therefore incorporated in Figs. 9 and 10.  By plotting stress concentra- 

tion factors against diraensionless expression for the area of the hole, another 
i 

set of curves can be obtained.   These are shown in Figs. 11 and 12, respec- 

tively, for the case of various elliptical holes tangent at the apex, and 

the case of various elliptical holes tangent at the discontinuity of bond. 

It has been found that the stress concentration aecreases in both cases when 

the elliptical hole becomes a circular hole. This may be also observed from 

a family of curves obtained by expressing stress concentration factors in 

terms of the ratio of major axis to minor axis of the ellipse as given in 

St 
Fig. 13. All curves seemed to have minimum values as r- approaches unity. 
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a 0.4D K=5.8

0.5

'IS'
Fig. 3 ISOCHROMATICS IN THE NEIGHBORHOOD OF AN ELLIPTICAL HOLE 

LOCATED LONGITUDINALLY AT THE APEX OF THE SEMICIRCULAR 

END OF A PLATE SUBJECTED TO RESTRAINED SHRINKAGE



a 0.4D K-6.5

Fig. 4 ISOCHROMATICS IN THE NEIGHBORHOOD OF AN ELLIPTICAL HOLE 

LOCATED TRANSVERSALLY AT THE APEX OF THE SEMICIRCULAR END 
OF A PLATE SUBJECTED TO RESTRAINED SHRINKAGE
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a=0.2D

r.4

DARK FIELD LIGHT FIELD

Fig. 5 ISOCHROMATIC PATTERNS ASSOCIATED WITH ELLIPTICAL HOLfS 
LOCATED LONGITUDINALLY AT THE POINT OF DISCONTINUITY 
BETWEEN THE BONDED AND THE UNBONDED BOUNDARIES OF A 
PLATE SUBJECTED TO PARTIALLY RESTRAINED SHRINKAGE
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a = 0.2D

2^

f-
DARK FIELD LIGHT FIELD

Fig. 6 ISOCHROMATIC PAHERNS ASSOCIATED WITH ELLITPICAL 
HOLES LOCATED TRANSVERSALLY AT THE POINT OF DIS­
CONTINUITY BETWEEN THE BONDED AND UNBONDED BOUND­
ARIES OF A PLATE SUBJECTED TO PARTIALLY RESTRAINED 
SHRINKAGE



a=0.2D K=8.3

a

Fig. 7 ENLARGEMENT OF ISOCHROMATICS IN THE NEIGHBORHOOD OF 
THE ELLIPTICAL HOLf (LONGITUDINAL) AT THE POINT OF 
DISCONTINUITY
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a = 0.2D K /

Fig.8 ENLARGEMENT OF ISOCHROMATICS IN THE NEIGHBORHOOD OF 
OF THE ELLIPTICAL HOLE ITRANSVERSE) AT THE POINT OF 
DISCONTINUITY
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Fig. 9   PARAMETRIC STRESS CONCENTRATION FACTORS FOR VARIOUS 
ELLIPTICAL HOL£S TANGENT AT THE APEX, IN THE PLATE SUBJECTED 
TO RESTRAINED SHRINKAGE 
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Fig. 10 PARAMETRIC STRESS CONCENTRATION FACTORS FOR VARIOUS 

ELLIPTICAL HOLES TANGENT AT THE DISCONTINUITY OF BOND 
IN THE PLATE SUBJECTED TO RESTRAINED SHRINKAGE 
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Fig. II       PARAMETRIC STRESS CONCENTRATION FACTORS FOR VARIOUS 
ELLIPTICAL HOLES TANGENT AT THE APEX, IN THE PLATE SUBJECTED 
TO RESTRAINED SHRINKAGE 
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Fig   12       PARAMETRIC STRESS CONCENTRATION FACTORS FOR VARIOUS 
ELLIPTICAL HOLES TANGENT AT THE DISCONTINUITY OF BOND, 
IN THE PLATE SUBJECTED TO RESTRAINED SHRINKAGE 
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Fig. 13       PARAMETRIC STRESS CONCENTRATION FACTORS FOR VARIOUS 
RATIO OF ELLIPTICAL PERFORATIONS IN THE PLATES SUBJECTED 
TO RESTRAINED SHRINKAGE 
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Two-Hlmensional photoelastieity is used with the object of mini­

mizing the stress concentration associated with a fillet present at 

the end of a solid propellant rocket grain. Successive holes were 

ailed along the bonded interface of case and propellant in an attempt 

at rainimlzinc the stress concentration, but no decrease was obtained. 

Ilie results may be of Interest to designers of solid propellant grains.
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STRESS CONCENTRATIONS  iN A RECTANGULAR PLATE 

WITH CIRCULAR PERFORATIONS ALONG  ITS TWO BONDED EDGES, 

AND SUBJECTED TO RESTRAINED SHRINKAGE 

by 
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I.  INTRODUCTION 

In the design of solid propellant rocket grainr it is important to 

minimize stress concentrations. It is known that in some cases stress con- 

centrations associated with a hole, or a fillet, may be decreased by repeat- 

ing the discontinuity  .  The object of this pnper is to investigate 

whether this idea can be applied to the design of solid propellant grains. 

The plane-stress problems to be studied are schematically renresented 

in Fig. 1. With this model the meridian cross-section of a solid propellant 

(P) 
rocket grain is simulated  . The loading condition of the grain is a 

uniform shrinkage restrained at the portions of the boundary at which the 

grain is bonded to a rigid case. 

The influence of the variation of two parameters was studied:  (l) 

two values of the distance between the first hole and the boundary, and (2) 

the number of holes was varied 0 to 5.  In all, eleven configurations, 

shown in Fig. 1, were analyzed. 

For efficiency in the experiment all eleven configurations were ob- 

tained by the testing of only one model. The model was cast as shown in 

Fig. 2, except that there no holes nor cuts. In that condition it corres- 

ponds to configuration 1, and the boundary in Fig. 2 is so marked. Once 



the as-cact model was analyzed, the holes marked 2 were machined into the 

model (by routing), and the model re-analyzed. This procedure wae repeated 

for configuration 3 to 6 with the additional holes in each case labeled 3 

to 6. At this point the cut, labeled 7, was added. The material to the 

right of the cut was treated as a four hole model. However, now the criti- 

cal space of the first hole to the boundary radius is 2R, and not R, as in 

the previous 6 configurations. By again repeatedly cutting the model con- 

figurations 7 to 11 were obtained md analyzed. 

II. EXPERIMENTAL WORK 

The model was cast of urethane rubber in open face molds approximately 

1/8" thick. The two edges to which the rubber model was bonded had knife 

edges with a 30° included angle. This knife-edge was used to approximate 

a plane-stress condition near the bonded boundary of the model as described 

in (3)- The restrained curing-shrinkage of the model reproduced the thermal 

shrinkage in the rocket prototype. 

Isochroraatic patterns were photographed for analysis from the as-cast 

model and after each subsequent cut. Typical isochromatic patterns are 

shown in Fig. 2 and Fig. 3- 

III. DEFINITION OF STRESS CONCENTRATION FACTOR AND CALIBRATION 

The normalized shear stress concentration factor K is defined as 

K =        max ( max) (l) 
m 

where max ( max) is the maximum value in the field of the maximum shear 

stress at a point, E is Young's modulus and a is the shrinkage that would 

have occurred if the model were not bonded (free shrinkage). 

From the stress-optic law: 
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max (T      ) = n      F (2) 
nax max 

where    F    ie the model  rhear rtresr-fince value  (a conetant) and n        ie max 

the fringe order tt ^he pjint of maximum shear stress. 

Therefore: _ max  (3) 

An auto-callbrati^n method was used here.    A small circular hole was 

cut at the center of the model where the ctate of strers  is uniform biaxial 

tendon.    The normcil stress tangent to the boundary    o can be determined 
tan 

from the isochromatics around the hole 

a    = 2 n F (1+) 
tan     o v ' 

where n  is the fringe order at the boundary of the circular hole. 

It is  known that the stress concentration factor associated with a 

circular hole in an infinite plate subjected to uniform biaxial tension is: 

a. =    2a (5) tan ^•' 

where 0 is the value of the uniform tensile stress away from the hole. 

By using Hooke's law, this stress can be expressed in terms of shrinkage as 

m 
.    _  1-v 

where v is Poisson's ratio. 

From Eqs. (k),   (5) and (6) it follows that; 

(6) 

F - -n^ w 
Finally, by using Eqs. (3) and (7): 

n 
K  - -j^r  (8) 

(1-v) n„ v 

r 
■■Mi 



For an incorapresEible material (v = 0.5), Bq. (8) 

becomes 
2 n max (9) 

IV.  RESULTS AKD DISCUSSION 

The results of the studies are shown in Fig. 5. The maximum 

normal stress tangent to the boundary always occurs at the point A shown 

in Fig. 5. Cutting hclec tangentially to the boundaries did not decrease 

K.  Lengthening the distance between the first hole and the fillet reduced 

K, but not to a level lower than when no holes are present. 
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H h2R(Between All Holes) 
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1 NUMBER SPACE   1 

CONFIGURATION OF HOLES TO FIRST 
ALONG A HOl£ 
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1 0 R 

2 1 R 
1           3 2 R 
1           4 3 R 

5 4 R 
I           6 5 R 
1           7 4 2R 
1           8 3 2R     | 
!           9 2 2R     1 

10 1 2R     { 
II 0 2R 

2441 

Fig. I      TWO DIMENSIONAL SIMULATION OF A SOLID PROPELLANT 
GRAIN TO STUDY VARIATION IN STRESS DUE TO ADDITION 
OF RELIEF HOLES AT VARIABLE DISTANCE FROM EDGE 
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n =7.8 max

2.:43
Fig, 3 ISOCHROMATICS IN A RECTANGULAR PLATE WITH A SERIES 

OF CIRCULAR PERFORATIONS, BONDED ALONG ITS SIDES, 
AND SUBJECTED TO RESTRAINED SHRINKAGE



>

V n - 7. i ^ max

Fig. 4 ISOCHROMAIICS IN A RECTANGULAR PLATE WITH A SERlES OF
CIRCULAR PERFORATIONS CONNECTED BY SLOTS, BONDED ALONG 
ITS SIDES, AND SUBJECTED TO RESTRAINED SHRINKAGE
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Fig. 5 STRESS CONCENTRATION IN RECTANGULAR PLATES WITH ROWS 
OF HOLES ALONG TWO BONDED BOUNDARIES. SUBJECTED TO 
RESTRAINED SHRINKAGE 
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